
Journal of Magnetic Resonance 193 (2008) 243–250
Contents lists available at ScienceDirect

Journal of Magnetic Resonance

journal homepage: www.elsevier .com/ locate/ jmr
Inverting MRI measurements to heterogeneity spectra

Andrew E. Pomerantz *, Peter Tilke, Yi-Qiao Song
Reservoir Geosciences, Schlumberger-Doll Research, 1 Hampshire Street, Cambridge, MA 02139, USA
a r t i c l e i n f o

Article history:
Received 10 March 2008
Revised 8 May 2008
Available online 23 May 2008

Keywords:
MRI
Heterogeneity
Geostatistics
Porous media
Variogram
Heterogeneity spectrum
Heterogeneity spectra
1090-7807/$ - see front matter � 2008 Elsevier Inc. A
doi:10.1016/j.jmr.2008.05.014

* Corresponding author. Fax: +1 617 768 2386.
E-mail address: apomerantz@slb.com (A.E. Pomera
a b s t r a c t

Spatially resolved MRI measurements of porosity and relaxation time have been performed on a series of
sandstone and carbonate rock cores in order to assess spatial heterogeneity in these samples. Geostatis-
tical techniques such as the construction of experimental variograms provide a quantitative measure of
heterogeneity, although the interpretation of standard techniques is at times ambiguous. Here, we
attempt to resolve some of that ambiguity by addressing the influence of regularization (spatial averaging
over the volume of a voxel) on the variogram. Modeling the influence of regularization allows measured
variograms to be inverted, yielding a heterogeneity spectrum that shows the extent of spatial heteroge-
neity as a function of length scale. The current experiment is sensitive to heterogeneity on the 0.3–
100 mm length scale, and heterogeneity spectra of carbonates are shown to vary widely from sample
to sample over this range. Thus, this analysis is shown to provide a more detailed description of these
porous media than the variogram or the first two moments of the porosity distribution provide. The mag-
netic resonance aspects of this technique are described here, while details of the geostatistical method-
ology are presented in a companion paper [A.E. Pomerantz, P.G. Tilke, Y.-Q. Song, Math. Geosci.,
submitted for publication].

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

Investigations into the structure and dynamics of porous media
are essential to many areas of physics and materials science [2]. It
has long been understood that characterizing these materials and
describing flow and transport in them is difficult due to their inher-
ent heterogeneity. A situation in which transport through naturally
heterogeneous porous media presents an important practical prob-
lem is found in the petroleum industry. There, subsurface flow of
multiple phases through a variety of rock facies must be under-
stood to identify petroleum reserves and ensure their efficient pro-
duction. Particular interest lies in understanding fluid dynamics in
carbonate rock formations. Carbonate sediments result from myr-
iad biochemical process and suffer many diagenic changes be-
tween the time of their deposition and the time they are
exploited as reservoir rocks [3–6]. These influences cause carbon-
ate formations to be heterogeneous, to such an extent that well
log interpretation models that were developed for and successfully
applied to siliclastic formations are often unsuitable [6–8]. The
petroleum industry is strongly motivated to understand these
complex systems, as approximately 50% of proven oil reserves
are contained in carbonate formations [6,7].

We are interested in developing methods to characterize heter-
ogeneity in rock cores, with the goal being a measurement of the
ll rights reserved.

ntz).
full heterogeneity spectrum, i.e., the extent of heterogeneity as a
function of length scale over all relevant length scales. To accom-
plish this feat, it would be necessary for a measurement or combi-
nation of measurements to be able to probe large samples with fine
resolution. Recent work with common imaging techniques, includ-
ing microscopy and computed tomography, have focused on imag-
ing at extremely high resolution [6,9–14]. The resolution attainable
with these methods is often sufficient to distinguish individual
pores and grains, making these techniques particularly appropriate
for providing maps that can be used for lattice Boltzmann or pore
network simulations [15,16]. However, porous media can be heter-
ogeneous at length scales that exceed the maximum dimension ob-
servable with these high-resolution techniques, so high-resolution
techniques alone are not always sufficient to characterize a mate-
rial [10]. Our goal here is to describe a lower-resolution technique
that complements these high-resolution techniques by providing a
measurement of heterogeneity at length scales that are longer than
the pore dimension but still very important to the structure of por-
ous media.

MRI has the potential to perform such a measurement. While
typically unable to resolve individual pores and grains, MRI is capa-
ble of lower-resolution imaging of samples that are relatively large.
Additionally, magnetic resonance measurements have repeatedly
been shown to provide useful petrophysical information, and
NMR measurements are performed routinely in the oilfield
[8,17–21]. For water-saturated rocks, CPMG measurements pro-
vide insight into the total porosity and distribution of pore sizes
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Fig. 1. Images of total porosity in units of pu. Images shown are 2-D slices through
the center of the 3-D images. Cores identified by numbers are carbonates; ‘‘FB”
stands for Fontainebleau sandstone; ‘‘BENT” stands for Bentheimer sandstone.
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[17,20,22–31]. The spatial resolution afforded by MRI can be used
to extend these techniques from the bulk to permit measurement
of the spatial variation of these petrophysically relevant quantities
[30–46].

Previously we measured spatial distributions of porosity and
relaxation, and, by comparing the spatially resolved results with
spatially unresolved measurements, we developed a qualitative
measurement of heterogeneity [47]. In that approach, relaxation
times were measured for each voxel in the sample, and those mea-
surements were combined to produce a relaxation time spectrum
for the full core that could be compared to the more common
relaxation time distribution measured with spatially unresolved
NMR. It was shown that a comparison of these two spectra was
sensitive to the extent of heterogeneity at different length scales.
This qualitative measure of heterogeneity was used to show that
heterogeneity both above and below the 1 mm length scale is
important to the structure of carbonates.

The current goal is to create a quantitative method of interpret-
ing these MRI experiments. A quantitative measurement should
provide an elegant description of the importance of heterogeneity
at different length scales and should be more informative than the
simple presentation of spatial maps of porosity and relaxation time
[12,48–53]. Here, a geostatistical analysis of MRI data is used to
provide a quantitative measurement of the magnitude of heteroge-
neity at different length scales in carbonates and, for comparison,
in more homogeneous sandstones. In this paper we describe the
MRI measurement and briefly summarize a formalism showing
how measurements performed at a particular resolution are sensi-
tive to heterogeneity at different length scales. Using this tech-
nique, a generic spatially resolved measurement can be inverted
to a heterogeneity spectrum over a certain range of length scales.
This process is demonstrated using the MRI data, resulting in a het-
erogeneity spectrum for length scales on the order of 0.3–100 mm.
Heterogeneity spectra are shown for carbonates and sandstones,
highlighting the contrast between the two rock classes and demon-
strating the application of the technique. Full details of the geosta-
tistical techniques are provided in a companion paper [1].

2. Experimental methods

The samples measured in this study include several carbonate
cores taken from a single Middle Eastern well over a depth range
of 800 ft. Several sandstone samples were also measured. All rock
cores were cut to 2 cm diameter and 3.75 cm length and were thor-
oughly cleaned and saturated with 0.20 Xm NaCl brine. The car-
bonates contain mostly calcite and dolomite, have permeabilities
in the range 0.4–4000 mD, and have full core porosities in the
range 9–28 pu (individual voxel porosities span almost the full
range 0–100 pu). The sandstones are similarly diverse, coming
from multiple locations and having permeabilities in the range
0.5–2500 mD and full core porosities in the range 12–30 pu.

MRI experiments are performed at a 2-T magnetic field (Nalorac
Cryogenics Corp., Martinez, CA) using an AvanceTM console (Bruker
BioSpin Gmbh) operating at 85 MHz. The experiments employ a
multi-slice multi-echo (MSME) pulse sequence. This multi-slice
phase-encoded spin echo imaging sequence effectively performs
a CPMG experiment for each voxel. Cubic voxels of 1 mm length
are used, and 100 echoes are collected at an echo time of
3.69 ms. The bandwidth of the refocusing pulse was set to be
50% greater than the bandwidth of the excitation pulse, and in or-
der to avoid slice crosstalk, the slices were interleaved and a
0.5 mm gap was placed between adjacent slices; additionally, the
recycle delay was set to 30 s to permit complete relaxation. The
pulse durations are 0.970 ms for excitation and 0.410 ms for refo-
cusing, and the phase-encoding gradient duration is also 0.410 ms.
A 32 � 32 matrix is used, and 10 slices are recorded. The read
bandwidth is 50 kHz, and the carbonates and sandstones measured
here typically have linewidths near 100 Hz; paramagnetic materi-
als in some sandstones can lead to linewidths an order of magni-
tude higher, at which point the resolution nears linewidth
limitation. Experiments were signal averaged typically for 16 tran-
sients, which yielded a noise level of approximately 2 pu. Porosity
maps for representative rocks are shown in Fig. 1.

2.1. Relaxation due to diffusion in the imaging gradients

Particular attention was paid to the effect of relaxation decay
due to diffusion in the applied imaging gradients. It is desirable
to image at high resolution in order to measure heterogeneity at
short length scales and to use very short echo times in order to de-
tect fast-relaxing spins and minimize decay due to diffusion in the
internal field gradient [46]. Both of those goals require the applica-
tion of intense magnetic field gradients. But, diffusion in these in-
tense gradients makes its own contribution to the observed value
T2, and if this contribution is too large (i.e., if the imaging gradients
are too strong) it will cause a systematic error in the measured
relaxation time. Hence, the intensities and durations of the gradi-
ents and delays must be selected in a manner that balances good
resolution and short echo time against minimizing systematic er-
rors from relaxation due to diffusion in the imaging gradients.

The influence of diffusion in the imaging gradients on the ob-
served T2 is assumed to be described by
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Fig. 2. Raw decays, fits, and T2 spectra for three different voxels of carbonate #1.
The top panel shows the raw decays (circles), along with the biexponential (solid
line) and Laplace inversion (dashed line) fits. Both fits match the data quite well and
are nearly indiscernible on this scale. The bottom panel shows arbitrarily normal-
ized T2 spectra. Results of the biexponential fit appear as delta functions in the T2

spectra and capture the most important features of the Laplace inversion spectra.
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1
T2;app

¼ 1
T2;int

þ 1
T2;diff

; ð1:1Þ

where T2;app is the apparent relaxation time; T2;int is the intrinsic
relaxation time, determined by bulk relaxation, surface relaxation,
and diffusion in the internal gradient and reflecting the spin physics
of the sample; and T2;diff is the contribution due to diffusion in the
imaging gradients. T2;diff is computed by calculating the 3-D diffu-
sion weighting from all the imaging gradients and assuming that
the saturating water diffuses with its bulk self-diffusion constant
[54]. 1=T2;diff can be minimized by minimizing the echo time, and
the echo time in turn depends on the durations of the gradient
and RF pulses [46].

The gradient and RF pulse durations are set to the minimum
time available with the hardware. With those values minimized,
the shortest echo time permitted by the hardware can be achieved;
in this case, the shortest echo time is 3.69 ms. Having selected the
echo time and the gradient timings and durations, T2;diff can be cal-
culated as a function of resolution (gradient strength). Increasing
the resolution requires increasing the gradient strength, which in
turn increases 1=T2;diff . Even with this short echo time, T2;diff can
be significant. For example, in this experiment, we find
T2;diff ¼ 8 s using gradient strengths sufficient to achieve 1 mm iso-
tropic resolution, but T2;diff ¼ 2:5 s when using higher gradients as
would be required to achieve 0.5 mm resolution. These carbonates
samples are expected to contain some very large pores (vugs), in
which T2;int is approximately equal to the bulk relaxation time of
water (around 3 s). Minimizing the systematic error in determining
T2 (i.e., achieving T2;app � T2;intÞ in those voxels then requires
T2;diff � 3 s. Hence, 1 mm was selected as the highest achievable
resolution.

In general, it should be noted that the systematic error pro-
duced by decay due to diffusion in the imaging gradients presents
a fundamental limit to resolution achievable in these multiple spin
echo experiments imaging T2. The highest resolution that can be
attained while still ensuring that the systematic error remains
small depends on both the system hardware (for example, gradient
switching time) and the sample (longest expected T2Þ. Relaxation
due to diffusion in the imaging gradients generally cannot be fully
corrected for in post-processing, as the (restricted) diffusion con-
stant can vary spatially. The bulk self-diffusion constant used here
represents the worst-case scenario; that value is useful for select-
ing a limiting resolution but cannot be used in a correction factor.
These considerations must be kept in mind when selecting a reso-
lution and echo time. In this case, 3.69 ms echo time and 1 mm iso-
tropic resolution were chosen. In addition to these calculations,
these parameters were shown to be adequate by using them to
measure accurately the T2 of water.

2.2. Data fitting

Relaxation decay in individual voxels is typically multiexponen-
tial, as has been observed previously [33–37]. Several options are
available for fitting and analyzing these decay curves. Regularized
numerical Laplace inversion is a popular technique for analyzing
multiexponential decay curves because it is robust and can deter-
mine the full relaxation time distribution. However, this method
has potential drawbacks. Noisy data require heavy regularization,
resulting in features in the T2 spectrum that are artificially broad-
ened [55]. If less regularization is applied, the fit becomes unstable
and many different T2 spectra fit the data equally well. Addition-
ally, sufficient echoes must be recorded such that high S/N data
in the time domain persist for approximately as long as the relax-
ation time of the slowest decaying mode in the voxel. Such a mea-
surement is possible, and Fig. 2 shows decays and T2 spectra
obtained by regularized Laplace inversion for three voxels of car-
bonate #1 [56]; these echo trains are recorded out to 900 ms or un-
til the echo intensity drops below the 2 pu limit of detection.
However, collecting relaxation data to long times and signal aver-
aging until sufficient S/N is achieved often is prohibitively time
consuming.

Fitting to a functional form with few adjustable parameters
does not provide as detailed a solution as regularized Laplace
inversion but is found to be a more appropriate alternative. Two
common such functions are a stretched exponential and a multiex-
ponential with only a small number of terms (typically 2 or 3) [33–
37]. The multiexponential has the advantage that it can be physi-
cally interpreted in the same way as a T2 spectrum from Laplace
inversion, with relaxation times reflecting pore sizes and ampli-
tudes reflecting the amount of water in those pores. Here, a double
exponential was chosen to fit the decay in individual voxels:

MðtÞ
M0
¼ vf e�t=T2f þ vse�t=T2s : ð1:2Þ

This model contains four adjustable parameters: T2f and T2s, repre-
senting the fast and slow decay time constants; and the weights vf

and vs, representing the volumes of water in the different sized
pores.

This model has several advantages. First, it typically fits the
time domain data well, free of systematic errors resulting from
too few adjustable parameters. Second, it can adequately fit relax-
ation times of seconds with only 370 ms of data collected in the
time domain; even for voxels with the slowest relaxation, the error
in determining log10 T2s is typically <0.05, which is an order of
magnitude smaller than the typical width of the T2s distribution
for the core. Third, it is sufficiently flexible to provide a good
description of the initial decay. Therefore, both the total voxel
porosity, /, and the average relaxation time, hT2i, which corre-
sponds to the initial decay rate, can be obtained by the following
transformations involving parameters defined in Eq. (1.2):

u ¼ vf þ vs: ð1:3Þ
u
hT2i

¼ vf

hT2fi
þ vs

hT2si
: ð1:4Þ
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Fig. 2 also shows the results of the biexponential fit for the selected
voxels. The biexponential fit matches the experimental data
throughout the decay, as shown in the top panels. Additionally,
the parameters derived from the biexponential fit represent the
salient features of the T2 distribution, leading to the good agree-
ment in the T2 spectra shown in the bottom panel. The analysis pre-
sented below focuses on the spatial heterogeneity of / and hT2i, and
the double exponential fit is sufficient to determine those
quantities.

For some voxels, the measured decay is well described by a
single exponential, and fits to a double exponential are unsta-
ble. The Akaike information criterion (AIC) [57] is used to deter-
mine if the double exponential, rather than a single exponential,
is appropriate for fitting the data, as described in previous MRI
work [47]. The AIC determines, in an information theoretical
sense, whether or not a decrease in the mean squared error
associated with fitting to a more complex function is sufficient
to justify the use of the associated additional fitting parameters.
Typically, the double exponential fit is justified in >90% of vox-
els. When the double exponential fit is not justified, the single
exponential fit is retained, and / and hT2i are taken to be the
fitted porosity and relaxation time. Additionally, the fit was per-
formed only for voxels with >4 porosity units (pu) initial signal.
Only rarely did voxels not meet that criterion; for purposes of
evaluating the heterogeneity, those voxels were assigned 2 pu
total porosity and 5 ms relaxation time. Decay in individual
voxels can also be fit to a triple exponential, and for data col-
lected with the stated parameters, the S/N is such that the tri-
ple exponential fit is justified in only approximately half of the
voxels. The four parameter double exponential fit is therefore
preferred because that function is justified in almost every vox-
el and is still flexible enough to determine / and hT2i. However,
it should be noted that a triple exponential is useful for detect-
ing relaxation near 10 ms (representative of relatively small
pores), which influences only the first few echoes at 3.69 ms
echo time; bulk T2 distribution measurements of these samples
show only a minor contribution at this relaxation time.

3. Geostatistical analysis

3.1. Variograms

Quantitative results presented here are based on a geostatistical
structural analysis of the MRI data. Detailed descriptions of geosta-
tistics are found in Refs. [58,59], and a thorough description of this
structural analysis is presented in the companion paper [1]. Here,
we compute the two-point variogram, which measures the average
squared difference between a parameter measured in two loca-
tions as a function of the vector separating those locations. For N
pairs of measurements separated in space by the lag vector (h),
the variogram cðhÞ is given by

2cðhÞ ¼ 1
NðhÞ

XNðhÞ

i¼1

½zðxiÞ � zðxi þ hÞ�2; ð1:5Þ

where zðxÞ is the quantity z measured at position x and the sum
goes over all pairs of points separated by h [58,59]. For an ideal sta-
tionary random variable, the variogram is related to the covariance
function (correlogram) by

cðhÞ ¼ r2 � CorrðhÞ; ð1:6Þ

where r2 is the variance of the parameter over the entire sample
and CorrðhÞ is the correlogram [58]. For consistency with the major-
ity of the geostatistical literature, we will discuss heterogeneity in
terms of the variogram; similar arguments could be made in terms
of the covariance function.
Variograms can be constructed for each parameter deter-
mined from the fit to individual voxels: u; vf ; vs; hT2i; T2f ; T2s,
for a total of 6 variograms for each core. For simplicity, here
we consider only / and hT2i. As the lag is a vector quantity, vari-
ograms can be computed along different directions to detect
sample anisotropy. The rocks discussed here did not present
any visually obvious signs of bedding or directionality, so cores
were drilled in random directions. So, for these samples we will
consider only isotropic variograms.

These variograms typically increase at small lags and then
reach an asymptote at long lags. This behavior is interpreted as
follows: the geology of the rock is such that a parameter (for
example, porosity or T2) rarely changes drastically from one re-
gion in space to another region a small distance away; that is
to say, there is spatial correlation of the parameter. Hence, the
average squared difference is small at short lags. At longer lags,
drastic differences are more likely, resulting in an increasing vari-
ogram. At some point, the lag will exceed the maximum length
scale of heterogeneity; at this point, increasing the lag no longer
increases the mean squared difference, so the variogram will have
reached its asymptotic value. If no asymptote is reached, that im-
plies the existence of heterogeneity at length scales longer than
the sample dimension, i.e., there is some trend or drift in the
measured data (the problem is not stationary).

Variograms can be interpreted by fitting them to a model func-
tion. Several models exist to describe variograms with this appear-
ance; for this study, the common exponential model is selected:

cðhÞ ¼ C0 þ C1ð1� e�h=aÞ: ð1:7Þ

In this model, C0 is the nugget and represents heterogeneity at a
length scale below the voxel dimension, i.e., heterogeneity on
length scales nearly too small to be observed experimentally.
C0 þ C1 is the sill, or the asymptotic heterogeneity; for variograms
with an asymptote, this parameter is typically similar to the total
measured variance. The range a represents the characteristic length
scale of heterogeneity that can be observed in the experiment (gi-
ven the constraints of finite resolution and finite sample size).
Experimental variograms of / and hT2i for several carbonates and
sandstones are presented in Figs. 3 and 4; parameters from the fit
are summarized in Tables 1 and 2.

3.2. Heterogeneity spectra

Computed experimental variograms for porosity and hT2i pro-
vide quantitative information on the structure of porous media
that is not available from the first two moments of the porosity
distribution. Still, the question arises as to what exactly is the
interpretation of the variogram. For example, only one length
scale of heterogeneity is determined from the exponential fit
to the variogram (and only a few length scales when the vario-
grams can be fit to a nested structure), while the material may
be heterogeneous over a large and continuous range of length
scales; it is unclear how the length scale(s) extracted from the
fit reflect this distribution of heterogeneity. Here, we give a brief
description of how to define these terms more precisely and to
relate quantitatively the measured variogram to the extent of
heterogeneity on different length scales; a full description is pro-
vided in the companion paper [1].

Mathematically, we state this problem by considering a general
porous medium with heterogeneity on many length scales, defined
by an overall point variogram that is a nested structure consisting
of a weighted sum of single length scale point variograms at differ-
ent values of a (the characteristic length scale of heterogeneity):

ctotðhÞ ¼
X

i

Cicðh; aiÞ: ð1:8Þ
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ctotðhÞ is the variogram defined on point support, meaning it is the
true variogram that would be observed in a hypothetical measure-
ment with zero noise and infinite resolution. The individual cðh; aiÞ
are the single length scale point variograms; in general, any suitable
model variogram would suffice, and here we again chose the expo-
nential model:

cðh; aiÞ ¼ 1� e�h=ai : ð1:9Þ

The Ci’s represent the extent of heterogeneity at each length scale ai.
That is to say, a plot of Ci as a function of ai is the heterogeneity spec-
trum we wish to present. Thus, the heterogeneity spectrum is similar
to the more familiar power spectral density function, except that the
heterogeneity spectrum inverts the variogram/correlogram with a
Laplace transform to determine the length scales of decay, while
the power spectral density function inverts the variogram/correlo-
gram with a Fourier transform to determine the spatial frequencies
of periodicity [60].

The experimental variogram differs from the point variogram
in that the experimental variogram is regularized over the finite
size of the voxel. The correct for this effect, the exponential
model at a single length scale can be integrated over the finite
volume of the voxel, resulting in a regularized model at a single
length scale, cvðh; aÞ. In the overall regularized variogram, the
exponential model functions are replaced by the regularized
model functions:
ctot;vðhÞ ¼
X

i

Cicvðh; aiÞ: ð1:10Þ

This overall regularized variogram corresponds to the variogram
that is measured experimentally. For a finite number of length
scales and measured lags, this relation can be shown in matrix
form:

ctot;vðhÞ ¼ cvðh; aÞCðaÞ; ð1:11Þ

where ctot;vðhÞ is an m-element vector of measured points, cvðh; aÞ is
an m � n matrix relating the length scales of heterogeneity to points
on the measured variogram, and CðaÞ is an n-element vector repre-
senting the heterogeneity spectrum.

Using six length scales and the constraint that each element
of C must be non-negative, Eq. (1.11) was solved for the porosity
variograms; the resulting heterogeneity spectra CðaÞ are shown
in Fig. 5 (similar results for the hT2i variograms are not shown).
The range of length scales of heterogeneity to which the mea-
surement is sensitive is determined from the computed curves
cvðh; aÞ; for this experimental geometry, the curves vanish for
a < 10�0:5 mm and a > 102 mm, so the appropriate range for this
measurement is taken to be 10�0.5–102 mm. These heterogeneity
spectra present the information from the variograms in a more
easily interpretable manner, similar to how a T2 spectrum is
more interpretable than an echo train, or a chemical shift spec-
trum is more interpretable than an FID.



Table 1
Parameters of the porosity distributions and porosity variograms

Rock / (pu) r2 (pu2) c(1 mm) (pu2) C0 (pu2) C0 þ C1 (pu2) a (mm)

Carb #1 25 106 55 9 108 1.6
Carb #2 21 90 15 0 124 6.9
Carb #3 28 34 5 1 Drift Drift
Carb #4 31 27 18 20 Drift Drift
Carb #5 32 304 141 53 314 2.1
Carb #6 14 5 2 1 5 3.5
FB 12 2 2 2 3 5.4
BENT 26 11 4 3 Drift Drift

/ and r2 are the first two moments of the porosity distribution. c(1 mm) is the first measured point on the experimental variogram and is related to heterogeneity at short
length scale. C0, C0 þ C1, and a are the results of fitting the variograms to the exponential model (Eq. (1.7)). When the variograms show no asymptote, there is a drift in the
data so C0 þ C1 and a cannot be determined.

Table 2
Parameters of the hT2i distributions and hT2i variograms

Rock hT2i r2 c(1 mm) C0 C0 þ C1 a (mm)

Carb #1 1.75 0.063 0.043 0.007 0.067 1.2
Carb #2 1.64 0.166 0.033 0.000 0.167 3.0
Carb #3 1.27 0.012 0.006 0.006 Drift Drift
Carb #4 1.77 0.006 0.004 0.004 Drift Drift
Carb #5 2.01 0.124 0.095 0.088 0.125 2.4
Carb #6 1.58 0.013 0.008 0.008 Drift Drift
FB 1.41 0.026 0.020 0.019 Drift Drift
BENT 1.86 0.019 0.007 0.006 Drift Drift

hT2i is presented throughout in the dimensionless measure log10ðhT2i=msÞ, so all
elements in the table excluding a are dimensionless. hT2i and r2 are the first two
moments of the hT2i distribution. c(1 mm) is the first measured point on the
experimental variogram and is related to heterogeneity at short length scale. C0,
C0 þ C1, and a are the results of fitting the variograms to the exponential model (Eq.
(1.7)). When the variograms show no asymptote, there is a drift in the data so
C0 þ C1 and a cannot be determined.
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Fig. 5. Heterogeneity spectra for the eight rocks. Labels are the same as in Fig. 1.
Both rocks in each row are presented with the same scale, and the sandstones are
presented with the same scale as carbonates #3 and 4. See text for details.
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4. Results and discussion

4.1. Variograms

Figs. 3 and 4, along with Tables 1 and 2, show how the tradi-
tional variogram analysis can be used to quantify the diversity of
heterogeneity found in sandstones and carbonates. In particular,
it is found that the average porosity and the porosity variance
are insufficient to describe these porous media; instead, the length
scale of heterogeneity provides novel information that is needed
for a more complete characterization. For example, carbonate #1
and carbonate #2 have similar average porosity and porosity vari-
ance, but their length scales of heterogeneity are quite different.
Qualitatively, this effect can be seen by looking in the images in
Fig. 1, where the image of carbonate #1 shows that adjacent voxels
have very different porosities, indicating heterogeneity on a short
length scale. The variogram expresses this quantitatively, as car-
bonate #1 has a short a and large c(1 mm). The image of carbonate
#2 shows one homogeneous region with 25–30% porosity and an-
other homogenous region with very low porosity—the second re-
gion is composed of anhydrite and has virtually no NMR signal.
The correlation length for this rock observed in the variogram is
much longer than for carbonate #1 and approximates the size of
the anhydrite feature, which is the dominant source of heterogene-
ity in this rock. Clearly the first and second moments of a rock’s
porosity distribution (the average porosity and porosity variance)
do not suffice for detailed characterization of the rock. Additional
information such as the heterogeneity length scale is required; this
influence can be seen qualitatively in the images but is made quan-
titative with the variogram.

Another example is found in carbonates #3 and #4. These sam-
ples again have similar average porosity and porosity variance, and
in this case the porosity variograms never reach asymptotes. That
asymptotes are not reached indicates the presence of heterogene-
ity on a length scale comparable to or exceeding the dimension of
the sample; this can be seen clearly in the image of carbonate #3,
where the low porosity feature in the top left of the image is as
long as the sample itself. Because the variograms increase linearly
with lag, it is impossible to determine a length scale of heterogene-
ity by fitting the variograms to an exponential function. Still, the
variograms can provide quantitative information beyond the first
two moments of the porosity distribution. In carbonate #4,
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c(1 mm) is already 65% of the porosity variance, indicating that
most of the heterogeneity is present on small length scales approx-
imating the voxel dimension. The variogram does not approach an
asymptote because there also exists heterogeneity at much longer
length scales, but the large value of c(1 mm) compared to the var-
iance (or equivalently, the shallow slope of the variogram) indi-
cates that heterogeneity on those long length scales is relatively
small. This contrasts with carbonate #3, where c(1 mm) is only
15% of the variance, indicating that heterogeneity on the voxel
scale is of limited importance. This quantitative analysis is consis-
tent with the behavior that can be observed qualitatively just by
looking at the images.

Carbonates #1–#4 are examples of how this technique can illu-
minate differences in heterogeneity among samples with similar
macroscopic properties (i.e., mineralogy and porosity). The other
samples give an example of differences between carbonates and
sandstones. Carbonate #5 has a high porosity and is extremely het-
erogeneous, as shown by the variogram and the variance and also
by direct viewing of the image. Carbonate #6 is shown on the same
scale and is extremely homogeneous, as can be seen in the same
measures. Thus, these cores illustrate the difference in heterogene-
ity that can occur in carbonates.

This result contrasts what is found for sandstones: the Fon-
tainebleau and Bentheimer sandstones shown have different
porosities but are both quite homogeneous, consistent with the
general expectation. Similar results for Berea sandstones are not
reproduced here. Thus, we find that sandstones are usually homo-
geneous, while the extent of heterogeneity in carbonates varies
widely. The total variance of carbonate #6 is comparable to the
variance of the sandstones, indicating that some carbonates can
be as homogeneous as sandstones, while the variance for carbon-
ate #5 is two orders of magnitude larger, demonstrating the ex-
treme heterogeneity that can be found in carbonates.

While this discussion has focused on the porosity variograms,
the same techniques can be applied to the relaxation time vario-
grams. The hT2i variograms (Fig. 4) show the same gross features
and overall trends as for the porosity variograms—e.g., carbonate
#1 has a shorter characteristic length than carbonate #2, carbonate
#5 has a higher variance than carbonate #6, etc. However, many of
the details are different—e.g., the hT2ivariance for carbonate #2 is
2.5-fold larger than for carbonate #1, while the porosity variance
is smaller. The observation implies that porosity and relaxation
vary differently over the sample.

4.2. Heterogeneity spectra

The variograms presented in Figs. 3 and 4 provide quantitative
information on the length scales of heterogeneity that extends the
characterization of porous media beyond simply the first two mo-
ment of the porosity or relaxation time distribution. However, ana-
lyzing the variograms by fitting them to model functions is not
completely satisfactory because the interpretation is ambiguous
if many lengths of heterogeneity are present simultaneously. Het-
erogeneity spectra extended that analysis by resolving heterogene-
ity as a function of length scale. The heterogeneity spectra provide
a new way to interpret the variograms, but strictly they do not con-
tain any new information above the experimental variograms. The
heterogeneity spectra of / (Fig. 5) are shown below to provide
more insight into the heterogeneity than the variograms of /
(Fig. 3), while the details from the heterogeneity spectra are con-
sistent with the more coarse interpretation from fits to model
functions.

Carbonate #1 presents heterogeneity on a shorter length scale
than carbonate #2, as demonstrated roughly from the single expo-
nential fit to the variogram by comparing the values of a. This re-
sult is shown in more detail in the heterogeneity spectrum,
which peaks at 0.3 mm for carbonate #1 and at 10 mm for carbon-
ate #2. Note that the measured length scale a from the single expo-
nential fit (1.6 mm) is consistent with the heterogeneity spectrum
(peaking at 0.3 mm), because a is regularized over the 1 mm voxel
and the heterogeneity spectrum extracts the length scales of heter-
ogeneity in the absence of regularization. The regularized range is
approximately equal to the unregularized range plus the voxel
dimension; that correction thus brings the range from the single
exponential fit in accord with the heterogeneity spectrum [58].

Carbonate #3 shows heterogeneity exclusively at long length
scales, consistent with the lack of asymptote in the variogram,
while carbonate #4 shows mainly short length scale heterogeneity
as well as some very long length scale heterogeneity, consistent
with the large nugget and lack of asymptote in the variogram. Het-
erogeneity at the shortest length scale presented here (10�0.5 mm)
plays the role of the nugget, in agreement with the normal inter-
pretation of the nugget. Finally, carbonate #5 is extremely hetero-
geneous and carbonate #6 is as homogeneous as the sandstones.
5. Conclusion

Spatially resolved measurements of porosity and relaxation
time have been performed for carbonate and sandstone rock cores,
and spatial heterogeneity has been assessed by constructing exper-
imental variograms. The effects of finite regularization and sample
size have been addressed, resulting in the cvðh; aÞ functions that
describe the sensitivity of each point on the experimental vario-
gram to heterogeneity at different length scales. This allows the
experimental variograms to be inverted, yielding the heterogeneity
spectrum. Examples of heterogeneity spectra for carbonates and
sandstones on the 0.3–100 mm range of length scales are pre-
sented in Fig. 5.

This measurement should prove useful in many regards. Most
importantly, the heterogeneity spectrum allows for a quantitative
interpretation of an experimental variogram by directly yielding
the extent of heterogeneity as a function of length scale. Examples
have been shown of rock cores with similar mineralogy, porosity,
and porosity distributions that have very different heterogeneity
spectra. Thus, the heterogeneity spectra provide novel information
to characterize these samples in more detail than is possible with
first two moments of the porosity distribution alone. Conclusions
drawn from the heterogeneity spectrum are consistent with con-
clusions drawn from single exponential fits to the variograms,
which are in turn consistent with conclusions drawn simply from
looking at the images. However, these more detailed analyses pro-
vide more detailed and informative characterizations of the sam-
ples. Looking at the images allows one to gain a qualitative
understanding of the gross features of the sample. Constructing
the variogram and fitting to a single exponential yields quantita-
tive information about heterogeneity on long and short length
scales as well as a single value representing the most important
length scale of heterogeneity. The heterogeneity spectrum pro-
vides much more detail by showing the heterogeneity at all length
scales to which the measurement is sensitive. While the conclu-
sions drawn from each of these analyses are consistent, the heter-
ogeneity spectrum is clearly more enlightening than simple visual
inspection of the images!

The MRI measurements presented here exemplify how the heter-
ogeneity spectrum can be used. These measurements are sensitive to
heterogeneity on the 0.3–100 mm length scale, and we find that
these length scales are useful for distinguishing and characterizing
reservoir rocks (i.e., these length scales are relevant to the structure
of these samples); this is not necessarily the case at higher resolution
[10]. Hence, the heterogeneity spectrum is used to provide a novel
description of these samples. Using this technique, sandstones are
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found to be mostly homogeneous on these length scales, in agree-
ment with the general expectation. Carbonates, on the other hand,
can be heterogeneous on many length scales, but they do not need
to be; the heterogeneity of carbonates over the range 0.3–100 mm
can vary widely from sample to sample. The analysis of individual
samples and the resulting general trends demonstrate the utility of
the heterogeneity spectrum in describing materials that are hetero-
geneous on multiple length scales.
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